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It is well established that at low energies one-dimensional (1D) fermionic systems are described by
the Luttinger liquid (LL) theory, that predicts phenomena like spin-charge separation, and charge
fractionalization into chiral modes. Here we show through the time evolution of an electron injected
into a 1D t-J model, obtained with time-dependent density matrix renormalization group, that a
further fractionalization of both charge and spin takes place beyond the hydrodynamic limit. Its
dynamics can be understood at the supersymmetric point (J = 2t) in terms of the excitations of
the Bethe-Ansatz solution. Furthermore we show that fractionalization with similar characteristics
extends to the whole region corresponding to a repulsive LL.
PACS numbers: 05.30.Fk, 71.10.Fd, 71.10.Pm
I. INTRODUCTION
There is a sustained interest in the physics of one-
dimensional (1D) quantum systems due to recent exper-
imental advances that allow to access exotic phenomena
like spin-charge separation and charge fractionalization1.
At low energies these systems are well described by the
Luttinger Liquid (LL) theory2 that predicts two inde-
pendent excitations carrying either only charge (holons)
or only spin (spinons) and propagating with different
velocities, and hence, spin-charge separation. Exper-
imental evidences of its existence have been observed
in quasi-1D organic conductors3, semiconductor quan-
tum wires4, and quantum chains on semiconductor
surfaces5. The LL theory also predicts the fractional-
ization of injected charge into two chiral modes (left-
and right-going)6–10, a phenomenon recently confirmed
experimentally11. Along the experimental advances also
theoretical progress was recently achieved pertaining ex-
tensions beyond the LL limit by incorporating nonlin-
earity of the dispersion, leading to qualitative changes in
the spectral function12–16 and relaxation processes of 1D
electronic systems17.
Here we show that fractionalization of charge and spin
beyond the forms described by LL theory takes place
when a spin-1/2 fermion is injected into a strongly cor-
related 1D system, namely the t-J model. By studying
the time evolution of the injected wavepacket at differ-
ent wavevectors k, using time-dependent density matrix
renormalization group (t-DMRG)18–23 different regimes
are obtained. When k is close to the Fermi wavevector
kF , the known features from LL theory like spin-charge
separation and fractionalization of charge into two chiral
modes result. On increasing k, a further fractionaliza-
tion of charge and spin appears, in forms that depend on
the strength of the exchange interaction J or the density
n. Their dynamics can be understood at the supersym-
metric (SUSY) point J = 2t in terms of charge and spin
excitations of the Bethe-Ansatz solution24–26. For the
region of the phase diagram27,28, where the ground state
corresponds to a repulsive LL, two qualitatively differ-
ent regimes are identified: one regime with vs > vc and
another where vs < vc. Here vc(s) is the velocity of the
excitations mainly carrying charge (spin). For vs > vc
and k > kF the spin excitation starts to carry a frac-
tion of charge that increases with k while vc corresponds
to a wavepacket carrying only charge. For vs < vc and
k > kF the situation is reversed and the fastest charge
excitation carries a fraction of spin that increases with k
while the wavepacket with vs carries almost no charge,
i.e. in this case spin fractionalizes.
The Hamiltonian of the 1D t-J model is as follows,
H = −t
∑
i,σ
(
c˜†i,σ c˜i+1,σ + h.c.
)
+J
∑
i
(
~Si · ~Si+1 − 1
4
nini+1
)
, (1)
where the operator c˜†i,σ (c˜i,σ) creates (annihilates) a
fermion with spin σ =↑, ↓ on the site i. They are
not canonical fermionic operators since they act on a re-
stricted Hilbert space without double occupancy. ~Si =
c˜†i,α~σαβ c˜i,β is the spin operator and ni = c˜
†
i,σ c˜i,σ is the
density operator.
We study the time evolution of a wavepacket, corre-
sponding to a fermion with spin up injected into the
ground state, by means of t-DMRG18–23. The state of
a gaussian wavepacket |ψ〉 centered at x0, with width ∆x
and average momentum k0, is created by the operator ψ
†
↑
applied onto the ground state |G〉:
|ψ〉 ≡ ψ†↑|G〉 =
∑
i
ϕic˜
†
i↑|G〉, (2)
with
ϕi = Ae
−(xi−x0)2/2∆xeik0xi . (3)
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2A is fixed by normalization. The time evolved state
|ψ(τ)〉 by the Hamiltonian (1) determines the spin (s)
and charge (c) density relative to the ground state as a
function of time τ measured in units of 1/t (~ = 1),
ρα(xi, τ) ≡ 〈ψ(τ)|niα|ψ(τ)〉 − 〈G|niα|G〉, (4)
where α = s, c, nic = ni↑ + ni↓, and nis = ni↑ − ni↓.
Most of the numerical results were carried out on systems
with L = 160 lattice sites, using 600 DMRG vectors (this
translates into errors of the order of 10−4 in the spin
and charge density up to times of 50/t) and ∆x = 5
lattice sites (which corresponds to a width ∆k ∼ 0.06pi
in momentum space).
II. BETHE-ANSATZ SOLUTION
At the supersymmetric (SUSY) point J = 2t the 1D
t-J model can be solved exactly using Bethe-Ansatz25,26.
We consider here only the case of zero magnetisation.
The solution is expressed in terms of two independent
degrees of freedom, c and s, related to two different kinds
of pseudoparticles, with dispersion relations determined
by
c(q) = 4t
∫ B
−B
dr 8r
[Φ¯s,c (r, rc(q))− Φ¯s,c (r,Q)]
(1 + (2r)2)2
,
s(q) = − 4t
1 + (2rs(q))2
+4t
∫ B
−B
dr 8r
[Φ¯s,s (r, rs(q))− Φ¯s,c (r,B)]
(1 + (2r)2)2
,(5)
where q ∈ [−(pi − kF ), (pi − kF )], with α = c or s,
kF = pin/2, n = N/L, N the number of electrons, and L
that of lattice sites. The range of momenta for the exci-
tations is later restricted to the occupied states for elec-
tron addition processes according to the pseudo-Fermi
momenta given below, Eq. (11). The ground state ra-
pidities rα(q) (with α = c, s) are defined in terms of their
inverse functions
qc(r) = 4
∫ B
−B
dr′
Φ¯s,c (r
′, r)
1 + (2r′)2
, r ∈ [−∞,∞] ,
qs(r) = 2 arctan(2r)
+4
∫ B
−B
dr′
Φ¯s,s (r
′, r)
1 + (2r′)2
, r ∈ [−∞,∞] . (6)
The functions Φ¯α,α′ (r, r
′) are the phase shifts defined
by the following self-consistent integral equations
Φ¯s,c (r, r
′) = − 1
pi
arctan(2[r − r′])
+
∫ B
−B
dr′′G(r, r′′) Φ¯s,c (r′′, r′) , (7)
and
Φ¯s,s (r, r
′) =
1
pi
arctan
(
r − r′
)
− 2
pi2
∫ Q
−Q
dr′′
arctan
(
2[r′′ − r′]
)
1 + (2[r − r′′])2
+
∫ B
−B
dr′′G(r, r′′) Φ¯s,s (r′′, r′) . (8)
The kernel G(r, r′) reads,
G(r, r′) = − 1
pi
1
1 + (r − r′)2
+
4
pi2
∫ Q
−Q
dr′′
1
1 + (2[r − r′′])2
1
1 + (2[r′′ − r′])2
= −f(r, r
′)
pi
1
1 + (r − r′)2 , (9)
where,
f(r, r′) = 1− 1
2
(
t(r) + t(r′) +
l(r)− l(r′)
2(r − r′)
)
,
t(r) =
1
pi
∑
j=±1
j arctan(2[r + j Q]) ,
l(r) =
1
pi
∑
j=±1
j ln(1 + (2[r + j Q])2) . (10)
In the thermodynamic limit the ground state cor-
responds to symmetrical compact occupancies of both
α = c, s momentum bands (5) with Fermi momentum
qFα given by
qFc = (pi − 2kF ), qFs = (pi − kF ) , (11)
respectively. The momenta of the states occupied in the
ground state qc ∈ [−qFc, qFc] and qs ∈ [−qFs, qFs] refer
to rapidity ranges r ∈ [−Q,Q] and r ∈ [−B,B], respec-
tively, such that
rc(±qFc) = ±Q ; rs(±qFs) = ±B, (12)
where Q and B are obtained by solving self-consistently
the normalization conditions given by the following inte-
gral equations
pi − 2kF = 4
∫ B
−B
dr
Φ¯s,c (r,Q)
1 + (2r)2
,
pi − kF = 2 arctan(2B) + 4
∫ B
−B
dr
Φ¯s,s (r,B)
1 + (2r)2
. (13)
We proceed by solving Eqs. (7) and (8) assuming that
Q and B are known and then we use Eqs. (13) and
kF = pin/2 to find the corresponding electronic density
n. In Fig. 1 we show the resulting dispersion relations
for different values of n. The ground state energy refer-
ence is defined such that α(±qFα) = 0. The dispersions
plotted in Fig. 1 are the ones entering the calculation of
velocities discussed in the next section.
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FIG. 1. Solution of the dispersion relations (5) for different
electronic density n. The ground state energy reference is
defined such that α(±qFα) = 0. a) α = c and b) α = s. The
momentum range is given by q ∈ [−(pi − kF ), (pi − kF )].
III. SIMULATIONS AT THE SUSY POINT
We discuss first the time evolution of a wavepacket at
the SUSY point J = 2t, since here we will be able to
identify the different portions in which the wavepacket
splits on the basis of the Bethe-Ansatz solution. Figure
2 shows the time evolution of ρc(xi, τ) for a density of
n = 0.6. The momentum of the injected fermion is
k = 0.7pi, i.e. midway between kF = 0.3pi and the zone
boundary. The charge (i.e. ρc) splits into four fractions,
one portion traveling to the left and the rest doing so
to the right. A splitting into chiral modes is expected
in the frame of LL theory6, where for an injected right-
going fermion, a splitting Q
(±)
α = (1±Kα)/2 (where Kα
is the so-called LL parameter and ’+’ (’-’) corresponds
to the right (left) propagating part) is predicted. The
amount of charge (i.e. the integral of the wavepacket over
its extension) corresponding to the portion denoted P1 is
Q
(−)
c ∼ 0.1. This value is independent of the momentum
of the injected fermion, and agrees well with the predic-
FIG. 2. (color online). Time evolution of ρc(xi, τ) for a
wavepacket initially at x = 0, with momentum k = 0.7pi,
at density n = 0.6, and J = 2t. Charge fractionalizes into
four wavepackets, one to the left(P1) and the rest(P2, P3, P4)
to the right. P1 and P3 have the same charge and speed but
opposite velocities.
tion of LL theory, since for the parameters in this case,
Kc ∼ 0.828. However, at long enough times, a further
splitting of the right-going charge is observed (wavepack-
ets Pi with i = 2, 3, 4), beyond the prediction of the LL
theory.
FIG. 3. (color online). Charge (ρc(xi, τ), full line) and spin
(ρs(xi, τ), dashed line) densities for J = 2t, n = 0.6, at time
τ = 40, for different values of the momentum of the injected
fermion. Q
(−)
c denotes the charge of the left going wavepacket.
Its value (∼ 0.1) remains unchanged in all three panels.
Figure 3 displays both ρc(xi, τ) (full line) and ρs(xi, τ)
(dashed line) for different values of the initial momentum
of the injected wavepacket. The arrows indicate the di-
rection of motion of each packet. As opposed to ρc, ρs
does not split. In a SU(2) invariant LL Ks = 1
2, and,
assuming that the left going wavepacket for spin is de-
scribed by LL theory as in the case of charge, we would
have Q
(−)
s = 0, i.e. no left propagating part is expected
4for the spin density. (However, a small depletion in ρs
appears traveling to the left, which would correspond
to Ks & 1. Similar findings were presented recently29
and attributed to finite-size effects that require exponen-
tially large systems in order to recover Ks = 1. Figure
4 displays the time evolution of the spin densities at the
SUSY point, in order to explicitly show that this small
depression in spin-density moves with the Fermi velocity
vFs ' 2ta, where a is the lattice constant set to one,
at the pseudo-Fermi sea in Fig. 1 (b)). Moreover, part
FIG. 4. Time evolution of ρs(xi, τ) for a wavepacket with the
same parameters as Fig. 2. The small depressions in spin den-
sity (red) have a slope in a time-space diagram corresponding
to the Fermi velocity vFs of s. vs denotes the velocity of
the wavepacket P4 in Fig. 3, that contains most of the spin
density.
of the charge (P4) is accompanying the spin, such that
spin-charge separation does not appear to be complete.
The amount of charge accompanying the spin increases
as the momentum of the injected fermion approaches the
zone boundary. These results make already evident that
injecting a fermion at a finite distance from the Fermi
energy leads to fractionalization of charge beyond the
expectations from the LL theory.
In order to understand the new forms of fractional-
ization that go beyond the LL frame, we consider the
excitations corresponding to one-particle addition pro-
cesses, whose energies can be obtained from the Bethe-
Ansatz solution16,30. When adding an electron with mo-
mentum k, the single particle excitation energy is given
by ω(k) = −c(qc) − s(qs), where c(qc) and s(qs)
are the dispersion relations (5) of the excitations for
charge and spin, respectively, and the momenta are re-
lated to the momentum of the incoming particle as fol-
lows: k = ±2kF − qc − qs, where qc ∈ [−qFc, qFc], and
qs ∈ [−qFs, qFs], with qFc and qFs the pseudo-Fermi mo-
menta for the excitations for charge and spin, given in
Eqs. (11), respectively26.
Figure 5 displays the velocities obtained from t-DMRG
for the different wavepackets (symbols) compared to
kF pi/2 3pi/4 pi
k
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FIG. 5. (color online). Full lines: derivatives vα(k) =
∂α(k)/∂k of the dispersions obtained by the Bethe-Ansatz
solution. The symbols correspond to the velocities of the
different wavepackets identified in Fig. 3: triangles(P1),
diamonds(P2), squares(P3) and circles(P4). The orange hor-
izontal lines stand for the Fermi velocity vFc = ∂c(qFc)/∂q
given by the Bethe-Ansatz solution.
those obtained from Bethe-Ansatz (full lines), as a func-
tion of the momentum of the injected fermion. The
velocity of each Pi is extracted by measuring the po-
sition of the maximum of the packet at the most con-
venient time, i.e. at that time where we can resolve Pi
and the spreading of one packet does not destroy the
other packets. The wavepackets P1 (triangles) and P3
(squares) have opposite directions, but the same speed
and charges Q
(−)
c ' Q(+)c3 , where the charges for the (+)
branch are labeled by an index corresponding to the re-
spective wavepackets. The velocity of the wavepacket P4
(circles) agrees almost perfectly with the one correspond-
ing to spin excitations. Its determination is best since
it is the fastest wavepacket, such that it can be easily
discerned from the rest. The velocity of the remaining
wavepacket, P2 (diamonds), is more difficult to assess,
since it overlaps at the beginning with other ones. Nev-
ertheless, its velocity closely follows the one of charge
excitations. The wavepackets just described deliver a
direct visualization of the excitations appearing in the
Bethe-Ansatz solution, where only two different kinds of
particles are involved: the c and s pseudoparticles with
their associated bands. The excitation associated with
spin involves one hole in the c band with fixed momen-
tum qFc and one hole in the s band with momentum qs,
where qs = ±2kF −qFc−k26. In fact, the velocities of P1
and P3 correspond to the group velocity at both pseudo-
Fermi momenta ±qFc, indicating that these wavepackets
correspond to low energy excitations. This explains the
fact that Q
(−)
c is well described by LL theory in spite
of the fermion being injected at high energy, and sup-
ports the assumption that the same applies to a left going
wavepacket for spin (see Fig. 4). Furthermore, as shown
in Fig. 5, the velocity of those fractions is independent of
5the momentum of the injected fermion, in agreement with
the picture given by Bethe-Ansatz. The dispersion of the
hole in the s-band gives rise to the velocity displayed by
the red line in Fig. 5. Similarly, the c line (black line in
Fig. 5) involves one hole in the s band with fixed momen-
tum qFs and one hole in the c band with momentum qc
determined in terms of k by qc = ±2kF − qFs− k. Using
the same argument as for the s line we can associate the
P2 packet (diamonds) with the c pseudoparticle. How-
ever, in this case we cannot observe wavepackets associ-
ated with spin and velocities corresponding to the group
velocity at the pseudo-Fermi momenta ±qFs. We under-
stand this as due to the fact that Ks = 1, by analogy
to what we observe in the Kc = 1 case. On the SUSY
point this case is reached in the limit of vanishing den-
sity, where the system can be described by a Fermi gas.
Hence, fractionalization is absent in this limit. In Fig. 6
0 1 kF pi/2 3pi/4 pi
k
0
1
2
3
4
ω
(k)
P2  DMRG
P4 DMRG
QMC
FIG. 6. Locus of the highest weight features of the electron
addition part of the spectral function of the t-J model from
quantum Monte Carlo results32 and the energies obtained by
integrating the velocities of the wavepackets P2 and P4.
we show finally, a comparison of dispersions with highest
weight in the spectral function obtained from quantum
Monte Carlo (QMC) simulations for the one-dimensional
t-J model32 and the energies obtained from t-DMRG by
integrating the velocities between kF and k with the zero
of energy at kF . While the dispersions obtained in QMC
simulations can be well reproduced by the velocities ob-
tained from the wavepackets P2 and P4 from t-DMRG,
given the discretization errors in integrating the veloci-
ties, and uncertainties from the analytic continuation in
QMC, no direct access to the wavepackets P1 and P3 is
possible from the spectral function. Their contribution
to the spectral function is contained in the intensities of
the spectrum, but no distinct feature allows to extract
them from it.
IV. AWAY FROM THE SUSY POINT
Next we depart from the SUSY point and examine how
fractionalization takes place in the region of the phase di-
agram where the ground state corresponds to a LL with
Kc < 1. Figure 7 shows the velocity of the different frac-
kF pi/2 3pi/4 pi
k
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-υFc
FIG. 7. (color online). As in Fig. 5 but for J = 1.75t. The
fullines correspond to the SUSY Bethe ansatz.
tions at J = 1.75t, where a slight decrease (increase) in
the velocity of the spin (charge) fraction can be observed.
As shown in Fig. 8, essentially the same features are ob-
served as at the SUSY point both for J > 2t and J < 2t.
In all the cases shown in Fig. 8, where the velocity of
0
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ρ α
(x,
τ)
-50 0 50 100
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J=1.5t, k=0.55pi, τ=35 
J=1.75t, k=0.60pi, τ = 40
J=2.25t, k=0.70pi, τ = 40
FIG. 8. (color online). Fractionalized wavepackets for dif-
ferent values of J/t away from the SUSY point, at a density
n = 0.6. As in the SUSY case, charge fractionalizes into four
pieces, while spin does not, and carries an appreciable amount
of charge.
spin excitations (vs) remains higher than that of charge
excitations (vc) in most parts of the Brillouin zone, spin
does not fractionalize, as opposed to charge, so that the
interpretation derived from Bethe-Ansatz remains valid
over an extended region of the phase diagram: charge
splits into four portions of which one travels with the
6spin wavepacket, and two have the same speed but op-
posite group velocity which does not depend on the mo-
mentum of the injected fermion. It is tempting to assign
those excitations to states at a pseudo-Fermi surface for
charge excitations. For smaller values of J/t than those
in Fig. 8, vs becomes smaller than vc. Figure 9 shows
that for vs < vc the role of spin and charge wavepackets
experience a change with respect to fractionalization. In
0
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k=0.30pi
k=0.425pi
k=0.55pi
FIG. 9. (color online). Fractionalized wavepackets at J/t = 1,
n = 0.5, τ = 50 and L = 200. In this case, where vs < vc,
fractionalization of the spin density is observed.
this case it is the spin density that splits into two frac-
tions, one attached to the fastest fraction of charge, an
another one left behind. Again, this new feature is not
predicted by LL theory. However, no left propagating
fraction of spin could be observed (excepting the small
depression due to finite-size effects). We therefore expect
that this is due to SU(2) symmetry and the fact that in
this case Ks = 1. As shown in Fig. 9, the amount of spin
accompanying the charge increases as the momentum of
the injected fermion increases. While such a phenomenon
may suggest as in the lowest panel of Fig. 8 a total re-
combination of charge and spin as the energy increases,
it is not total, since still a fraction of charge goes to the
left, without accompanying spin.
It is important to check whether the observed fraction-
alizations in fact correspond to elementary excitations
and not to other effects like the band curvature or the
forbidden double occupancy. In Fig. 10 we present the
result for a non-interacting system, where, as expected no
fractionalization takes place. The effect of the band cur-
vature is merely to give a dispersion of the wavepacket,
as taught in elementary quantum mechanics for a free
particle. The t-J model reduces in the limit J → 0 to
the Hubbard model for U →∞, where the ground-state
wavefunction can be factorized in a part related to charge
and another related to spin31, such that spin-charge sep-
aration can be expected at all energies.
Figure 11 shows the wavepackets evolving at J = 0.1t
for the same parameters as in Fig. 9. Here, spin-charge
separation can be observed for the different wavevectors
0
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0.04
0.08
ρ(
x,τ
)
-50 0 50 100
x
0
0.04
0.08
τ = 0 
τ = 20
τ = 40
FIG. 10. Free expansion of noninteracting spinless fermions at
different times, where the wavepacket disperses for increasing
time. The momentum of the injected fermion is k = 0.7pi and
n = 0.5.
of the injected fermion. Hence, the fractionalizations and
recombinations observed are not just a consequence of
forbidden double occupancy or band curvature.
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FIG. 11. Fractionalized wavepackets at J/t = 0.1, n = 0.5,
τ = 50 and L = 200 to be compared with Fig. 9. As expected
for the limit U →∞ of the Hubbard model, spin-charge sepa-
ration is observed for the different wavevectors of the injected
fermion.
V. CONCLUSIONS
In summary, we have shown through the time evolu-
tion of an injected spinfull fermion onto the t-J model,
that charge and spin fractionalization occurs beyond the
predictions of the Luttinger liquid theory. A compari-
son with results from Bethe-Ansatz allowed to identify
charge and spin excitations that split into components
at high and low energies. The components at high en-
ergy reveal the dispersion c and s of charge and spin
7excitations, respectively. The components at low energy
have a velocity that does not depend on the momentum
of the injected fermion and are very well described by
states at the pseudo-Fermi momenta of the charge exci-
tation. This picture can be extended to a wide region in
the phase diagram of the t-J model as long as the ground
state corresponds to Kc < 1 and vs > vc. In this region
fractionalization is observed only in the charge channel.
However, for vc > vs, a region that develops for J/t be-
low ∼ 1.5, the spin density shows fractionalization. All
over, the fastest excitation is accompanied by the com-
plementary one, such that spin-charge separation is for
them only partial. The other fractions present an almost
complete spin-charge separation.
Finally, we would like to remark, that the time evolu-
tion leads to a direct visualization of all fractions stem-
ming from an injected fermion in contrast to the one-
particle spectral function, where only the fractions P2
and P4 can be identified
32, but not those propagating at
the pseudo-Fermi points.
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